INTRODUCTION
This paper presents a multiobjective fuzzy stopping model of 'fuzzy stochastic systems' in cooperation with sequences of 'fuzzy random variables'. The fuzzy random variable, which is a fuzzy-number-valued extension of classical random variables, was studied by Puri and Kalescu [l] and has been discussed by many authors. It is one of the successful hybrid notions of randomness and fuzziness. On the other hand, stopping problems for a sequence of real-valued random variables had a long history and were studied extensively. Their applications are well known in various fields [2, 3] and especially in the finance theory, recently. The optimal fuzzy stopping for fuzzy random variables is discussed by Yoshida et al. [4] , and dynamic fuzzy systems without randomness are studied by Yoshida [5-71. This paper analyzes a multiobjective stopping model for fuzzy stochastic systems, by extending the results of the classical stochastic systems [8, 9] .
We also discuss the optimization by 'fuzzy' stopping times. Fuzzy stopping times are introduced for dynamic fuzzy systems by Kurano et al.
[lo] and they are discussed by Yoshida et al. [ll] , and this paper applies the notion of fuzzy stopping times in a stochastic and fuzzy environment. In this paper, we evaluate the randomness and fuzziness regarding the stopped fuzzy stochastic systems by probabilistic expectations and linear ranking functions, respectively. We also give Pareto optimal fuzzy stopping times for the multiobjective model, by introducing the notion of X-optimal stopping times. In Section 2, the notations and definitions of fuzzy random variables are given. In Section 3, fuzzy stopping times are introduced. We formulate a multiobjective optimal stopping problem for fuzzy stochastic systems by fuzzy stopping times. In Section 4, we give Pareto optimal fuzzy stopping times for the problem under the assumption of regularity for stopping rules.
FUZZY RANDOM VARIABLES
Some mathematical notations of fuzzy random variables are given in this section. Let (R, M, P) be a probability space, where M is a g-field and P is a nonatomic probability measure. Let
Iw be the set of all real numbers, let B denote the Bore1 = {Z E Iw 1 x(w)(x) 2 (Y} is the a-cut of the fuzzy number X(w) for w E R. We can find some equivalent conditions (131; however, in this paper, we adopt a simple equivalent condition in the following lemma. Then we have the following lemma which is trivial from the definitions. (i) For each n = 0, 1,2,. . . , the map w H ?(n, w) is M,-measurable.
(ii) For almost all w E R, the map n ++ ?(n, w) is nonincreasing. (iii) For almost all w E s1, there exists an integer m such that ?(n, w) = 0 for all n 1 m.
Regarding the grade of membership of fuzzy stopping times, '?(n, w) = 0' means 'to stop at time n' and '?(n, w) = 1' means 'to continue at time n', respectively. And the intermediate value '0 < ?(n, w) < 1' is a notion of 'fuzzy stopping'. It is easy to check the following lemma regarding construction of fuzzy stopping times [lo] . 
PARETO OPTIMAL FUZZY STOPPING TIMES
In this section, we give Pareto optimal solutions for the problem in Section 3. We introduce the following X-optimal stopping times in order to obtain Pareto optimal stopping times. Real numbers {Ai}L1 are called weights of objects if they satisfy Similarly to the proof of Lemma 3.3, we can easily check that its expectation is reduced to the weighted sum of the expectations for objects
Now we give the definition of X-optimal stopping times as follows. PROOF. Let ?* be a finite X-optimal fuzzy stopping time. If f* is not Pareto optimal, then there exists a fuzzy stopping time ? such that E (G;) > E (G:,) , for all objects i = 1,2,. . , Ic, and E (G;) > E (G;,) , for some object i = 1,2, . . , k.
Then from (4.2) we have E (G;) = 5 XiE (G;) > 2 XiE (G;,) = E (G$,) .
i=l i=l
This contradicts the A-optimality of 7, and so we obtain this theorem. I Finally, in order to construct X-optimal fuzzy stopping times, we introduce the following (A, CY)-optimal fuzzy stopping times. In order to construct an optimal fuzzy stopping time from the (X, cy)-optimal stopping times {a~},,~o,~~, we need the following regularity condition. THEOREM 4.2. Let X := {Xi}fZ1 b e a set of weights for objects satisfying (4.3). Suppose (4.6) and Assumption A hold. Then 8' is a X-optimal fuzzy stopping time and it is also Pareto optimal.
PROOF. From Assumption A and Lemma 3.4(ii), aX is a fuzzy stopping time and we obtain for all fuzzy stopping times i by Lemma 4.1. And also the last equals do.
Since C?;(U) # C:(U) holds only at most countable Q E (0, l], we have Thus, by F'ubini's theorem, we can show Therefore, CA is X-optimal. We also obtain Pareto optimality of 5A from Theorem 4.1 in [2] . 1
